Introduction
In the interaction between an intense ultrafast laser pulse and an atomic gas, very high-order odd harmonics of the fundamental laser frequency can be generated. In this highly nonperturbative process, near-infrared laser light is converted into radiation with photon energy up to several hundred eV [1, 2] . The generated harmonics are coherent, directional and of shorter duration than the driving laser pulse. These properties are used in the many applications of the harmonic radiation that have appeared, for example pump-probe lifetime measurements [3] , time-resolved surface physics [4] and extreme ultraviolet (XUV) interferometry [5] . Recently, it has also been demonstrated that the harmonic radiation is intense enough to drive nonlinear processes (two-or four-photon ionization) [6, 7] . Finally, harmonic generation is a promising source for the production of sub-femtosecond, so-called attosecond, pulses. Experimental support for the idea that a set of high-order harmonics can produce a regular train of attosecond pulses has already been presented [8] .
The increasing use of harmonics as an XUV light source sets new demands both on the characterization and the optimization of the radiation. Different applications have different requirements for the properties of the harmonic radiation. Although most users clearly benefit from a high pulse energy, some applications additionally require a large photon energy, a short pulse duration, good spatial coherence properties and/or a good temporal coherence (narrow spectrum). To find the optimal conditions for a given application is not an easy task: numerous studies have demonstrated the importance of both the laser characteristics (such as intensity [9] , frequency [10] , phase [11] , pulse duration and shape [12, 13] and focusing conditions [14] ) and the nonlinear medium (species [15] , atomic density [16, 17] and length of the medium [18] ) to the harmonic properties. Some of these parameters influence the microscopic part of the interaction between the atoms and the laser field; others affect the macroscopic propagation and phase matching conditions. The detailed characteristics of the harmonic radiation depend in general on the interplay between these two parts. A complete optimization is therefore a true multidimensional problem. All experimental and theoretical studies performed so far, however, have optimized a specific property of the harmonic radiation with respect to only one of the above-mentioned parameters.
We present here a theoretical study of optimization of several features of high-harmonic generation in argon and xenon using a genetic algorithm (GA). Genetic and other types of evolutionary algorithms are feedback controlled search algorithms that are useful when optimizing complicated functions of multiple parameters, which can have several local maxima and minima 3 [19, 20] . These search methods have borrowed their features from nature, mimicking the mechanisms of evolution, and have been used extensively, for instance, in adaptive optics control [21] . Recently, an evolutionary algorithm was applied to optimize the yield of a single harmonic in argon via pulse shaping [13, 22] . We apply this algorithm to three problems.
(1) The optimization of the pulse energy of one harmonic (the ninth harmonic in xenon; the 15th and 29th harmonics in argon). (2) The minimization of the pulse duration of one harmonic (the 15th and 29th harmonics in argon), while keeping a high pulse energy. This kind of optimization is of interest for pump-probe-type applications, which require high temporal resolution, as well as for applications in multiphoton physics, requiring a high intensity. (3) The optimization of the temporal coherence of the 15th and 19th harmonics in argon.
Temporal coherence is important for instance in spectroscopy. In addition, as described in detail in [23] [24] [25] , a narrow, almost transform-limited, harmonic spectrum implies that among the many quantum path contributions to the harmonic dipole moment, only one is dominating. If this is also true for a few neighbouring harmonics, the time structure of the sum of these harmonics presents a train of attosecond pulses [26] .
We optimize these properties with respect to two or three parameters, among the pressure and length of the nonlinear medium, the intensity of the driving field and the position of the laser focus relative to the centre of the medium. These parameters are all easy to access in most experiments. Our calculations of the harmonic field are three dimensional, and include both the single-atom response and the results of propagation through the macroscopic medium.
We first briefly describe our theoretical method in section 2. In section 3 we present the results of the optimization of harmonic pulse energy in xenon and argon, and of the minimization of the harmonic pulse duration in argon. Finally, we describe in section 4 how the GA is used to optimize the temporal coherence of the 15th harmonic in argon, and the sub-cycle time structure of the combination of harmonics [15] [16] [17] [18] [19] [20] [21] [22] [23] . A short summary is given in section 5.
Method
Our calculation contains three different parts: the single-atom response, the macroscopic response and the optimization performed by the GA.
We start by calculating the response from a single atom to an intense laser field with a quasi-constant intensity. This calculation is performed for many different intensities, to obtain the intensity-dependent dipole moments d q (I ) for each harmonic q. In the case of xenon, these dipole moments are calculated within the semi-classical model described in [27] . Note that this approximation is quite crude for the ninth harmonic, which is only just above the ionization threshold in xenon. However, as we demonstrate below, the conditions for generation of the ninth harmonic are dominated by absorption in the xenon gas jet, and an approximate description of the dipole moment is therefore sufficient. The argon singleatom data are calculated by numerical integration of the three-dimensional time-dependent Schrödinger equation within the single-active-electron approximation (see for instance [28] ).
The macroscopic harmonic field is calculated by solving the Maxwell wave equation within the paraxial and the slowly varying envelope approximations [29] . We use the atomic dipole moments d q as a source of the nonlinear part of the polarization field P , t) ), where N a (r, t) is the density of atoms in the gas jet, and I (r, t) represents the intensity distribution of the focused laser beam. We include ionization as a slowly varying depletion of the neutral medium, using ionization rates calculated as described in [30] . The free electrons thereby released contribute to the refractive index of the nonlinear medium and cause the driving laser beam to defocus. The calculation also includes dispersion and absorption caused by the neutral atoms in the gas jet. We are thus able to accurately model the phase matching effects arising from the combination of the single-atom dipole phase (which depends on the intensity of the laser field [27] ), the focusing of the laser beam and the ionization of the medium.
The propagation calculations are run within the framework of the GA, which searches for the particular combination of the macroscopic parameters that gives the optimum result. The GA works in the following way [31] : the boundaries within which the optimum is sought are set for each parameter, which can take on 64 different values within its boundaries. When optimizing in two dimensions, for instance, there are 64 × 64 combinations of parameters, or possible solutions to the optimization problem. The GA represents each possible solution, or individual, with a string of bits, termed a chromosome. For example the possible solution 'a medium length of 3 mm and a pressure of 10 Torr' is represented as [010110] . (For the sake of clarity we assume here that each parameter can only take 2 3 = 8 values in this example.) The first generation of individuals is selected randomly. Typically, we use a population size of 50. For each generation, the following steps are then carried out: (i) all the individuals are evaluated and assigned a fitness value. In our case this means we calculate the macroscopic harmonic field resulting from each configuration, and attribute a fitness value depending on the harmonic property we are interested in. The next generation of individuals is chosen by applying the three GA operators selection, mutation and crossover. (ii) The selection operator chooses which of the individuals from the present generation will be transferred to the next generation. The individuals are ranked according to their fitness, and then selected randomly with a certain probability based on the fitness. A very fit individual thus receives a high probability and can be selected several times, while a low-fitness individual may not be selected at all. (iii) The mutation operator, which is used very sparsely, selects a few individuals and replaces one (randomly selected) bit in a chromosome by randomly 0 or 1 (e. . This is done for 60% of the selected solutions. The use of the mutation and the crossover operators ensures that the GA does not become trapped in a local optimum. The fittest individual, however, always survives to the next generation unchanged. This is called elitism. The steps (i)-(iv) are then repeated until no new possible solutions appear between two consecutive generations. In the optimizations presented in this work, the GA typically converges after 30-60 iteration steps. Although the population size does not change between iteration steps, the number of new individuals that actually need to be evaluated decreases since many individuals reappear. Our propagation code therefore initially checks whether it already knows the fitness value of an individual before the calculation is performed. This reduces the time to reach convergence, which typically takes 200-400 evaluations for a two-dimensional optimization, and around 400-700 for optimizations in three dimensions.
Results

Optimization of pulse energy
3.1.1. Xenon. We start by optimizing the number of photons generated in xenon in the ninth harmonic as a function of the pressure, P , and the length, L, of the medium. We use driving laser pulses with a wavelength of 800 nm, and a duration of 50 fs. The laser beam is focused in the centre of the gas jet to a peak intensity of I 0 = 9 × 10 13 W cm −2 . We mimic realistic experimental conditions by using a truncated, loosely focused Gaussian beam. Numerically, this beam is calculated as the Hankel transform of a 4 cm diameter Gaussian beam which has been apertured down to a diameter of 1.5 cm. The confocal parameter b of the resulting beam is approximately 10.5 cm.
In figure 1 we plot the results of all the evaluations of harmonic pulse energy that the GA has performed. A high harmonic pulse energy (measured in the number of photons produced in the pulse) is represented with a green symbol and a low pulse energy with a dark/red symbol, according to the colour bar. Close to the optimum value(s) the density of points is higher than elsewhere, reflecting how the GA evolves. This allows us to obtain information about the behaviour of the function close to its optimum value.
It is evident from the figure that the maximum harmonic pulse energy that can be obtained for any given pressure is fairly constant. For low pressures the optimum occurs at long medium lengths, and for higher pressures at shorter medium lengths. This behaviour can be attributed to absorption of the ninth harmonic in xenon, for which the cross-section is relatively high.
To illustrate this, we calculate the absorption length L abs for the ninth harmonic in xenon, using the one-photon absorption cross section σ and the atomic density N a ,
. L abs is the length over which the power of the harmonic has decreased by a factor of e. The solid curve in figure 1, which closely follows the optimum medium length for a given pressure, corresponds to L = 3L abs . That the optimum medium length is so much longer than the absorption length reflects that the harmonic is both generated and absorbed as it propagates through the medium. The optimum conditions for the generation of this harmonic are thus mostly determined by absorption [17] . 
Argon. We now turn to the optimization of the pulse energy of the 15th and the 29th harmonics generated in argon. We keep the peak intensity fixed at two different values close to the saturation intensity, and optimize with respect to P , L and the relative position of the laser focus to the centre of the gas jet Z 0 . The laser wavelength is 810 nm and the pulse duration 50 fs. First we optimize these harmonics with respect to L and Z 0 , with a pressure of 50 Torr. We present six different optimizations. For both harmonics we try in turn the following configurations: (i) high intensity and loose focusing, (ii) low intensity and loose focusing and (iii) high intensity and tight focusing. A summary of the optimizations and their results is presented in table 1. (i) We first compare the optimizations of the 15th and the 29th harmonic, presented in figures 2(a) and (b), respectively, using a laser intensity of I 0 = 2.4 × 10 14 W cm −2 and the same focusing as in the previous section 4 , b ≈ 10.5 cm. The highest number of photons per pulse is close to 10 9 for both harmonics. We define an 'optimum region' in which the number of photons has not decreased by more than approximately a factor of two from the optimum value (see table 1). As evident from figure 2(a) and table 1, the optimum region for the 15th harmonic is quite large. The corresponding result for the 29th harmonic shows an optimum region that is smaller in L, but similar in Z 0 . The optimum configuration is different for the two harmonics, even though there is a small overlap between the optimum regions.
(ii) Next we compare the results obtained at the two intensities, I 0 = 2.4 × 10 14 W cm
(figures 2(a) and (b)) and I 0 = 1.5 × 10 14 W cm −2 (not shown in figure 2 ). We present these results in table 1. The optimal L found with the low intensity is substantially shorter than that found with the high intensity, and the optimal position of the focus is closer to the centre of the gas medium. In addition, the optimum region is smaller. For the 15th harmonic there is an overlap between the optimum regions for the two intensities. In contrast, there is no overlap for the 29th harmonic, indicating that phase matching conditions are different at the two intensities. In addition, the maximum number of photons obtained at the two intensities is almost the same for the 15th harmonic, but differs by more than an order of magnitude for the 29th harmonic. This behaviour is rather general: phase matching conditions strongly depend on whether the harmonic belongs to the plateau or the cutoff region of the harmonic spectrum. In our example, the 15th harmonic belongs to the plateau for both intensities, whereas the 29th harmonic is in the plateau at 2.4 × 10 14 W cm −2 and in the cutoff at 1.5 × 10 14 W cm −2 . (iii) Here we optimize the two harmonics using a tighter focusing geometry. We use a Gaussian beam with a confocal parameter of 1 cm, and a peak intensity of 2.4 × 10 14 W cm −2 . The results are shown in figures 2(c) (H15) and (d) (H29) and table 1. Since the phase matching conditions have changed a lot from the loose focusing geometry, the results of figures 2(c) and (d) are very different from those of 2(a) and (b). Both harmonics are optimized when the laser focus is located after the medium, in agreement with previous results [14] . However, the 29th harmonic is optimized with substantially longer medium than the 15th harmonic; there is only a small overlap between the optimum regions of the two harmonics. The configuration that gives the highest pulse energy in the 29th harmonic is actually quite bad for the 15th.
Finally, we optimize the pulse energy of the 15th and the 29th harmonics with respect to three parameters, L, Z 0 and P . We use the loose focusing geometry, b ≈ 10.5 cm with a peak intensity of 2.4 × 10 14 W cm −2 . For the 29th harmonic, the maximum obtained pulse energy is a factor of two higher than the results obtained at 50 Torr. The corresponding gain for the 15th harmonic is only a factor of 1.2. The P that gives the highest pulse energy is near 200 Torr for both harmonics, while L is shorter and Z 0 similar. Even though absorption of the 15th harmonic in argon is not much smaller than that of the ninth harmonic in xenon, these results indicate that the generation of the 15th harmonic in argon is not primarily limited by absorption. In comparison, the absorption of the 29th harmonic in argon is very small.
We also perform optimizations of the adjacent harmonic orders in the same conditions as above. The results obtained with the 31st harmonic correspond well to those found for the 29th harmonic, and, likewise, the 15th and the 17th harmonics behave similarly to each other. We therefore believe that the results described above for 15th and 29th harmonics could be generalized to represent a typical plateau and cutoff harmonic, respectively.
In conclusion, depending on the selected combination of harmonic order, peak intensity and focusing geometry, the optimum configuration can vary substantially. Since the optimum for each harmonic is a delicate balance between intensity, ionization, phase matching and absorption, a change of the fixed values requires a whole new optimization in most cases. An optimization algorithm coupled to an experiment could therefore be tremendously useful, either in predicting optimal conditions or actually finding them in practice.
Optimization of pulse duration
We now use the GA to minimize the harmonic pulse duration in the following way. The time profile I q (t) of the harmonic pulse is calculated by radial integration of the time-dependent radial profile I q (r, t) that is the harmonic intensity at the output of the medium. Then, a Gaussian function is fitted to I q (t). The full width at half maximum (FWHM) of the Gaussian fit is used as a measure of the pulse duration. In some cases this approximation is quite crude as the harmonic time profiles can be complex and for instance have multiple peaks.
We minimize the pulse durations of the 15th and 29th harmonics in argon in the same conditions as in section 3.1.2. We start by optimizing with respect to L and Z 0 , keeping a (ii) The number of photons contained in these pulses is still high; typically it has been reduced by a factor of between two and three from the maximum. This means that the power of these harmonics is high, 0.9 MW in the 29th harmonic using the high-intensity and loose-focusing conditions, for instance. For comparison, the average pulse duration of the 50 first randomly selected Z 0 and L values is typically around 20 fs, while the longest harmonic pulse durations are around 40 fs. Figure 3 (a) presents two typical randomly selected time profiles of the 15th (solid curve) and the 29th harmonic (dashed curve) before optimization, both in the configuration with I 0 = 2.4 × 10 14 W cm −2 and b ≈ 10.5 cm. In figure 3 (b) we show how the time profiles have been improved after optimization. The shortest obtained time profile of the 15th harmonic has a duration of 13 fs, and that of the 29th harmonic is 8 fs long. The 29th harmonic pulse has a less complicated temporal profile and is better fitted to a Gaussian shape than the 15th harmonic. The peak of both harmonic pulses is reached during the leading edge of the laser pulse (at negative times), indicating the depletion of the neutral medium caused by ionization. This effect is stronger for the 15th than for the 29th harmonic, since the latter belongs to the cutoff region and is therefore generated closer to the peak of the laser pulse.
Even more pronounced in this optimization than in the optimization of pulse energy is that the values of Z 0 and L for which the shortest pulse is obtained are strongly dependent on the selected configuration. The temporal profile variation is more complex than that of the pulse energy and exhibits several local minima. This reflects the fact that the pulse duration is determined by a combination of many factors such as laser intensity, ionization and phase matching conditions.
We optimize also with respect to three variables, Z 0 , L and P at the same time, using the high intensity and long confocal parameter. It is then possible to decrease the pulse duration further. We have found pulses down to 6 fs for the 29th harmonic and just above 6 fs for the 15th harmonic. These pulses contain a high number of photons, above 10 9 for the 29th harmonic (at around 150 Torr) and above 10 8 for the 15th harmonic (at around 170 Torr). Figure 3(c) shows the corresponding temporal profiles. It is again a strong depletion of the medium which, in combination with phase matching conditions, gives rise to the very asymmetric 15th harmonic pulse with a sharp feature and a broad pedestal. A nonlinear process driven by the harmonic pulse will be very sensitive to a sharp, narrow feature and much less to the pedestal of the pulse. 
Optimization of the harmonic coherence properties
We finally turn to the optimization of the spectral properties of the harmonic radiation, and thereby its temporal coherence. As described in detail in [23, 24] , the plateau harmonics in argon can each separate in the spatial and spectral domains into a well collimated part, which has a narrow spectrum, and a strongly divergent part, with a broad spectral profile. The separation is a direct result of the dynamics of the ionizing atom during the harmonic generation process. The single-atom dipole moment for each harmonic can be described as a sum of several quantum path contributions, each with a different phase behaviour [32] . The first one, often labelled τ 1 , has a phase that varies slowly as a function of intensity, while all the other contributions have much more rapid phase behaviours. In the time domain these contributions give rise to interferences, but their different phase behaviours during the course of the driving laser pulse cause them to spectrally separate. In figure 4 , solid curve, we present a typical spectrum of the 15th harmonic in argon, which clearly shows this behaviour. The narrow central peak corresponds to the τ 1 -contribution, while the broad structure results from the other contributions. Figure 4 . Spectra of the 15th harmonic in argon. In the solid curve, a typical spectrum showing a narrow τ 1 -peak and a broad pedestal. In the dashed curve, a spectrum with no significant τ 1 -peak. In the dotted curve, the spectrum obtained after optimization with respect to I 0 , Z 0 and L.
In the following, we use the GA to select the well behaved τ 1 part of the 15th harmonic radiation, by searching for spectra where most of the energy is in the narrow central part. We are thus using the macroscopic parameters from above to select a particular microscopic harmonic behaviour, by tailoring the phase matching conditions to favour the τ 1 contribution.
We define a fitness function which rewards spectra with a large relative τ 1 content by calculating the spectral ratio between the τ 1 -portion of the spectrum and the whole spectrum. This is done by first calculating the spectrum from the propagated harmonic field. To locate the τ 1 peak we find the position of the maximum amplitude in a small interval around the central frequency [24] . We then integrate the part of the spectrum that is within 0.07 eV from the maximum, and take the ratio to the whole integrated spectrum. The value 0.07 eV corresponds approximately to a typical half width at half maximum (HWHM) of the narrow (τ 1 ) part of the spectrum. For comparison, a Gaussian profile with HWHM of 0.07 eV would have a spectral ratio of 0.76. This method efficiently sorts out spectra with the largest part of their energy in the τ 1 -peak from spectra with very small τ 1 -contributions. In the latter case, the maximum spectral amplitude may not be found close to the central frequency. However, such a spectrum is of no interest to us since it has no dominant τ 1 -peak, and due to its resulting small spectral ratio it will not be favoured by the GA. An example of a spectrum without a significant τ 1 -peak is shown with the dashed curve in figure 4 . This spectrum is calculated with the parameters corresponding to the maximum number of photons in the 15th harmonic found in section 3.1.2. The variation in the spectral shape of the 15th harmonic in different configurations is significant.
We optimize the spectral ratio as a function of the three parameters I 0 , Z 0 and L. We use a pressure of 20 Torr and loose-focusing conditions, in this case a Gaussian laser beam with a confocal parameter of b = 10.5 cm. The maximum spectral ratio that can be obtained in these conditions is 0.77, which is obtained when Z 0 is −31 mm (focusing the laser 31 mm before the centre of the gas jet), L is 7 mm and the peak intensity 1.7 × 10 14 W cm −2 . We show the corresponding spectral profile in figure 4 (dotted curve). Compared with the non-optimized spectra, the pedestal has been almost entirely suppressed. The FWHM of the narrow part of the spectrum is 0.096 eV, which corresponds to a coherence time of 19 fs. The pulse length of the 15th harmonic in this configuration is 24 fs, and the harmonic is thus very close to transform limited. At each fixed intensity there are two regions in Z 0 where the spectral ratio is close to 0.7, one on either side of the centre of the gas jet. This is illustrated in figure 5 , where we show an optimization of the spectral ratio of the 15th harmonic with respect to only L and Z 0 , at a fixed intensity of I 0 = 1.7 × 10 14 W cm −2 . Almost independently of the length of the medium, it is possible to obtain τ 1 -dominated harmonics by focusing either 3 cm before or 4.5 cm after the centre of the gas jet. Using a higher fixed intensity these regions move to larger |Z 0 | on both sides, and at a lower intensity to smaller |Z 0 |. Previous (theoretical) studies have demonstrated that phase matching conditions are often favourable for the τ 1 contribution when the laser focus is before the centre of the gas jet [26] . We here find that the τ 1 contribution is also well phase matched at positive Z 0 .
The pulse energy and the temporal coherence are-not surprisingly-not optimized in the same configuration. The number of photons obtained in the configuration optimizing the temporal coherence is 5 × 10 7 and the pulse duration is 24 fs. Compared with the maximum harmonic pulse energy or the shortest pulse duration, one thus loses a factor of ten in pulse energy and close to 100 in harmonic power. We stress again that the optimum configuration for harmonic generation depends entirely on the particular application the harmonics are designed for.
Finally, we use the GA to identify configurations such that a train of attosecond pulses is obtained in the time profile of the XUV radiation. In analogy with laser mode locking, the time structure of the combination of several phase-locked harmonics consists of a train of ultra-short pulses [26] . The phase locking of the harmonics depends on the relative contributions of the different quantum paths discussed above. If several quantum paths contribute to the dipole moment with comparable amplitudes, adjacent harmonics are not phase locked due to the resulting interference, and the time structure of the XUV radiation over one half laser period is complex with several sub-structures. If in contrast only one quantum path dominates, the harmonics do phase lock, which leads to a time profile consisting of one attosecond pulse every half cycle of the laser field [26] . To identify such conditions, we consider the 19th harmonic in argon at an intensity of 2.4 × 10 14 W cm −2 , where the harmonic is well in the plateau region of the harmonic spectrum. We then optimize its temporal coherence with respect to L and Z 0 as described above. We check that the optimum configuration also leads to narrow spectra for all neighbouring harmonics, from the 15th to the 23rd. In figure 6 we show the time profile I XUV (t ) of the XUV radiation close to the peak of the laser pulse (t 0 = 0), obtained in the optimum configuration. It is given by I XUV (t ) = 
when including the harmonics N -M, and ω 0 is the laser frequency. It presents a very nice train of attosecond pulses, consisting of one large burst of XUV radiation with an FWHM of 265 as, and a central frequency of 29 eV, every half cycle of the laser field. For comparison, the dashed curve shows the time profile in the configuration from 3.1.2 where the 15th harmonic pulse energy was optimized.
Summary
We have used a GA to optimize in turn the yield, the pulse duration and the temporal coherence of harmonic pulses. We find that these properties are optimized in very different configurations. A search algorithm can thus be very useful in identifying favourable conditions for a particular application of the harmonic radiation. We have obtained up to 10 9 photons per pulse for both plateau and cutoff harmonics in argon, and pulse durations as low as 6 fs generated by 50 fs laser pulses. The harmonic generation and phase matching processes are complicated and influenced by a number of factors, and the optimum configuration for each harmonic is therefore very sensitive to the fixed initial conditions. However, we find that different harmonics in the plateau region of the harmonic spectrum behave similarly to each other, and likewise for the cutoff harmonics, so that an optimization of the 15th harmonic for instance also yields good conditions for the 17th harmonic.
We used this fact to find conditions where part of the XUV radiation is emitted as a train of attosecond pulses. Since the configuration which optimizes the temporal coherence of the 19th harmonic also leads to good temporal coherence of the neighbouring harmonics, the combination of the harmonics 15-23 presents the desired time structure. We could successfully optimize the temporal coherence of the plateau harmonics in argon by tailoring the phase matching conditions to spectrally select the well behaved part of the XUV radiation. Experimentally, harmonic spectra are relatively easy to measure and characterize compared with harmonic time profiles. We have shown in this work that by using an algorithm to optimize spectral properties, it is possible to identify not only temporally coherent XUV radiation, but even conditions for generating attosecond pulse trains.
